Chapter 2

Partial fractions

and feedback control systems.

Why it is important to understand: Partial fractions

The algebraic technique of resolving a complicated fraction into partial fractions is often needed by
electrical and mechanical engineers for not only determining certain integrals in calculus, but for deter-
mining inverse Laplace transforms, and for analysing linear differential equations with resonant circuits

At the end of this chapter, you should be able to:

understand the term ‘partial fraction’

2.1 Introduction to partial fractions

By algebraic addition,
1 3 (x+D)+3(x-2)
x—2 x+1 (x=2)(x+1)
_ 4x=5
X2 —x—2
4x—5

The reverse process of moving from ZX—

Xt —x—2

1
+
x—2 x+1
fractions.
In order to resolve an algebraic expression into partial

fractions:

to

is called resolving into partial

(i) the denominator must factorise (in the above
example, x2 — x — 2 factorises as (x—2) (x+1)),
and

appreciate the conditions needed to resolve a fraction into partial fractions

resolve into partial fractions a fraction containing linear factors in the denominator

resolve into partial fractions a fraction containing repeated linear factors in the denominator
resolve into partial fractions a fraction containing quadratic factors in the denominator

(i) the numerator must be at least one degree less than
the denominator (in the above example (4x — 5) is
of degree 1 since the highest powered x term is x!
and (x> — x—2) is of degree 2).

When the degree of the numerator is equal to or higher
than the degree of the denominator, the numerator must
be divided by the denominator until the remainder is of
less degree than the denominator (see Problems 3 and 4).
There are basically three types of partial fraction and the
form of partial fraction used is summarised in Table 2.1,
where f(x) is assumed to be of less degree than the
relevant denominator and A, B and C are constants to
be determined.

(In the latter type in Table 2.1, ax?+ bx + cis a quadratic
expression which does not factorise without containing
surds or imaginary terms.)

Resolving an algebraic expression into partial fractions
is used as a preliminary to integrating certain functions
(see Chapter 43) and in determining inverse Laplace
transforms (see Chapter 69).
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16  Higher Engineering Mathematics

Table 2.1

Denominator containing

Expression

Form of partial fraction

1 Linear factors ) & + = + ¢
(see Problems 1 to 4) (x+a)x=b)(x+0) (x+a) (x—b (x+o0
2 Repeated linear factors f(—X)3 A A i 5+ c 2
(see Problems 5 to 7) (x+a) (x+a)  (+a* (x+a)
1 Ax+ B C
3 Quadratic factors - ) > Shy +
(see Problems 8 and 9) (ax*+ bx + ) (x + d) (ax®+bx+c)  (x+d)
11 -3x 2 -5
2.2 Worked problems on partial Thus — 23" GoD + =13
fractions with linear factors
2 5
3y T (x=D (x+3)
Problem 1. Resolve ———_>—— into partial
fractions Xt ax =3 |:Ch . 5 2(x+3)-5(x—1)
i eck: — =
x=1) (x+3) (x—1)(x+3)
The denominator factorises as (x—1) (x+3) and the 11— 3x
numerator is of less degree than the denominator. Thus = > %
11 -3x X2 +2x—3
253 may be resolved into partial fractions.
11 —3x 11 —3x 2%2 —9x—35
Let = q
Z12x—3 (—D&x+3) Problem 2. Convert G DG-DGx13) into
4 B the sum of three partial fractions.

BCEDRNEE)

where A and B are constants to be determined,

e 11-3x  A(x+3)+ B(x—1)
T x=-D&x+3) T (x—=D(x+3)
by algebraic addition.

Since the denominators are the same on each side of the
identity then the numerators are equal to each other.

Thus, 11 -3x=A(x+3)+ B(x—1)

To determine constants A and B, values of x are chosen
to make the term in A or B equal to zero.

When x=1, then
11-3(1) = A(1+3)+ B(0)
ie. 8=44
ie. A=2
When x= —3, then
11-3(=3) =A(0)+ B(-3-1)
ie. 20=—-4B

ie. B=-5

Let 2x2 —9x—35
G+ Dx—2)(x+3)
4 B c
T TR R

(A(X— 2)(x+3)+ Blx+ D(x+ 3))
+Cx+1)(x-2)
x+1DH(x-2)(x+3)

by algebraic addition.
Equating the numerators gives:

2x* —9x—35= A(x—2)(x+3)
+Bx+1)(x+3)+Clx+1)(x—2)

Let x= — 1. Then
2(—=1)2=9(=1)—35= A(-3)(2)
+ B(0)(2) + C(0)(=3)
ie. —24=—64
—24

A=——=4
ie 6
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Let x=2. Then

2(2)2 —9(2)—35= A(0)(5)+ B3)(5)+ C(3)(0)
ie. —45=158B

ie. B= _1—125 =-3

Let x=— 3. Then

2(—3)2—9(—3)—35 = A(=5)(0) + B(—2)(0)

+C(~2)(=5)
ie. 10=10C
ie. Cc=1
2x2—9x—35
Thus =2+ 3)
4 3 1
Sa+D =2 T x+3

2

+
Problem 3. m

fractions.

Resolve into partial

The denominator is of the same degree as the numerator.

Thus dividing out gives:

1
x?—3x+2 ’ 2 +1
x?—3x +2
o 3x—1
For more on polynomial division, see Section 1.4,
page 8.
Hence r+1 = 3x—1
x2—3x+2 x2 —3x+2
14 3x—1
(x—D(x—2)
L 3x—1 A B

G Dx-2 G- x-2

_A(x—-2)+ B(x—-1)
T (x-D(x-2)

Equating numerators gives:
3Ix—1=Ax—-2)+ B(x—1)

Letx=1.Then 2=-4
ie. A=-=-2
Let x=2.Then 5=B

Hen 3x—1 _ -2 N 5
M G D)(x—2)  (x—1) " (x-2)
1 2
Thus X+ S

2 3x+2 =D T =2

X3 —2x%—4Ax—4
xX+x—2

Problem 4. Express in partial

fractions.

The numerator is of higher degree than the denominator.

Thus dividing out gives:
x—3

X2+X—2)X3—2X2—4X—4
X+ x2—2x

—3x*—2x—4
—3x2—-3x+6
 x—10
x3—2x*—4x—4 x—10
s e T
EX_3+X_—10
(x+2)(x—1)
x—10 A B

Let

G161 - x12) -1

_A(x—1)+ B(x+2)
T (x+2)(x—1)

Equating the numerators gives:

x—10 = A(x—1)+ B(x+2)

Let x=—2.Then —-12=-34
ie. A=14
Let x=1. Then -9=38B
ie. B=-3
H x—10 4 3
ence = -
x+2)(x—1) x+2) -1
X -2x —4x—14
Thus ——————
us xX4x-2
4 3
=x-3 -
X)) T -
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18  Higher Engineering Mathematics

Now try the following Practice Exercise

Practice Exercise 8 Partial fractions with
linear factors (Answers on page 830)

Resolve the following into partial fractions.

12
1.
x2 -9
) 4(x—4)
o x2—-2x-3
3 x2—3x+6
T ox(x=2)(x—1)
4 3(2x% —8x—1)
T x+HH+DH2x-1)
5 x*+9x+38
" x24+x—6
6. x2—x—14
x2—2x—3

3x3—2x% — 16x+20
(x—2)(x+2)

2.3 Worked problems on partial

fractions with repeated linear
factors

2x+3
Problem 5. Resolve ﬁ into partial

fractions.

The denominator contains a repeated linear factor,
(x—2)%

2x+3 A B

Lt =2 T o2

_ Ax-2)+B
T (x—2)2

Equating the numerators gives:
2x+3=Ax-2)+B

Let x = 2. Then 7T=A0)+B

ie. B=17

2x+3=A(x—2)+B=Ax—-2A+B

Since an identity is true for all values of the
unknown, the coefficients of similar terms may be
equated.

Hence, equating the coefficients of x gives: 2 = A

[Also, as a check, equating the constant terms gives:
3=-24A+4+B
When A=2 and B=7,

RHS = -2(2)+7=3=LHS]

2x+3 2 7

Hence x—2)2 = ==2) + 27

5x2—2x—19

(x+3)(x—1)2
of three partial fractions.

Problem 6. Express as the sum

The denominator is a combination of a linear factor and
a repeated linear factor.

Let 5x% —2x—19
a1
A B c
S0t oD 12

_ A(x—1)2+ B(x+3)(x— 1)+ C(x+3)
- (x+3)(x—1)2

by algebraic addition.
Equating the numerators gives:

552 —2x—19= A(x— 1)+ B(x+3)(x—1)
+ C(x+3) 1)
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Let x=—3. Then
5(=3)2 —2(=3) — 19= A(—4)*+ B(0)(—4)+ C(0)
ie. 32=164
ie. A=2
Let x=1. Then
5(1)2 —2(1) — 19 = A(0)* + B(4)(0) + C(4)
ie. —~16=4C
ie. C=-14

Without expanding the RHS of equation (1) it can
be seen that equating the coefficients of x? gives:
5= A+ B, and since A=2, B=3

[Check: Identity (1) may be expressed as:

5x2 —2x—19=A(x* —2x+1)
+B(x*+2x—3)+ C(x+3)

ie 5x2—2x—19=Ax>—2Ax+ A+ Bx* +2Bx
—3B+Cx+3C

Equating the x term coefficients gives:
—2=-2A+2B+C
When A=2, B=3 and C=—4 then

2A12B+C=-2(2)+2(3) -4
— —2=LHS

Equating the constant term gives:
—19=A-3B+3C

RHS =2 —3(3) +3(-4)=2-9—12

=—19=LHS]
52 —2x—19
Hence ————
(x+3)(x—1)2
2 3 4

= (x+3) + x=1 (x—1)?

3x2+16x+ 15

Problem 7. Resolve 1 3)3

into partial

fractions.

3x% +16x+15
(x+3)3
A B C
=y T2 Tty
Ax+3)%2+B(x+3)+C
- (x+3)3

Let

Equating the numerators gives:
3x* +16x+15= A(x+3)*+ Bx+3)+C (1)

Let x=—3. Then

3(=3)2 +16(—3) + 15= A(0)> + B(0) + C
ie. —-6=C
Identity (1) may be expanded as:

3x% 4+ 16x+15= A(x* +6x+9)+ B(x+3)+ C

ie 3x°+16x+15= Ax* +6Ax+94
+Bx+3B+C

Equating the coefficients of x? terms gives: 3 = A

Equating the coefficients of x terms gives:
16=6A+ B
Since A=3,B= -2
[Check: equating the constant terms gives:
15=94+3B+C
When A=3, B=—2and C=-6,

94+ 3B+ C=9(3) +3(—2) + (—6)
—=27-6—6=15=LHS]

3x% +16x+15
C (x+3)8%
3 2 6
T (x+3) (x+3)2 (x+3)3

Thus
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20 Higher Engineering Mathematics

Now try the following Practice Exercise

Practice Exercise 9  Partial fractions with
repeated linear factors (Answers on page
831)

4x—3
(x+1)2

X +7x+3
x2(x+3)

5x% — 30x + 44

3. 2y

18 +21x— x?
(x—5)(x+2)?

2.4 Worked problems on partial
fractions with quadratic factors

Tx2+5x+13

Problem 8. E ——
roblem Xpress 212D

in partial

fractions.

The denominator is a combination of a quadratic factor,
(x*+2), which does not factorise without introduc-
ing imaginary surd terms, and a linear factor, (x+1).
Let,

7X2+5X+13=AX—I-B+ C
(x24+2)(x+1)  (x¥*+2) (x+1)

_ (Ax+ B+ 1)+ C(x*+2)
a (K +2)(x+1)

Equating numerators gives:

TX* +5x+13= (Ax+ B)(x+ 1)+ C(x* +2) (1)

Let x=—1. Then
7(=1)%2+5(=1)+13=(A4x+ B)(0) + C(1 + 2)
ie. 15=3C

ie. C=5

Identity (1) may be expanded as:

Tx%* +5x+13= Ax* + Ax+ Bx+ B+ Cx* +2C

Equating the coefficients of x* terms gives:
7T=A+ C,and since C=5,A=2

Equating the coefficients of x terms gives:
5= A+ B,andsince A=2,B=3

[Check: equating the constant terms gives:

13=B+2C
When B=3 and C=5,
B+2C=3+10=13=LHS]
T +5x+13  2x+3 5

Hence D)~ (242 T Gt D)

4 2 2 3
Problem 9. Resolve 3+6x+4x i into
x2(x%2 +3)

partial fractions.

Terms such as x? may be treated as (x+0)2, i.e. they
are repeated linear factors.

+

34+6x+4x2—2x* A B Cx+D
Let =—+4—
x x°

2(2+3) Ty
. Ax(x* +3) + B(x* +3) + (Cx+ D)x*
- x2(x% 4+ 3)

Equating the numerators gives:

34 6x+ 4x> —2x° = Ax(x* +3) + B(x* +3)
+ (Cx+ D)x*

= Ax® +3Ax+ Bx* + 3B
+ Cx3 + Dx?

Let x=0. Then 3=35

ie. B=1

Equating the coefficients of x3 terms gives:
—2=A+C (1)

Equating the coefficients of x terms gives:

4=B+D
Since B=1, D=3

Equating the coefficients of x terms gives:

6=34



Partial fractions 21

i.e. A=2

From equation (1), since A=2, C=—4

3+6x+4X%-2x 2 1  —4x+3
Hence =—+4+—
xX(x2+3) x  x? x2+3
_ 2+ 1 +3—4X
Tx X X+3

Now try the following Practice Exercise

Practice Exercise 10 Partial fractions with
quadratic factors (Answers on page 831)
x2—x—13
(x2+7)(x—2)

6x—5
(x—4)(x2 +3)

154 5x+5x% — 4x°
x2(x%2 +5)

X+ 4x% +20x—7
(x—1)2(x2+8)

When solving the differential equation

d’0 o
iz GE —109=20—e? by Laplace

transforms, for given boundary conditions,
the following expression for £{f} results:

18- D2 L aa5_ 10
s(s —2)(s2 — 65+ 10)
Show that the expression can be resolved into
partial fractions to give:
2 1 5s—3
L0} =—-—
O =5"26-2 T 22 =65+ 10)

L£{0) =

For fully worked solutions to each of the problems in Practice Exercises 8 to 10 in this chapter,
go to the website:
www.routledge.com/cw/bird
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